Theorem 2 Let D be an affine division algebra with centre k and suppose that the growth of D is bounded by a linear polynomial. Then D is finite dimensional over k.
Proof. Let 
. . ∈ F linearly independent over k. Then the elements f i w j are linearly independent over k.
and so
There is an old conjecture that any division algebra that is affine over its centre is finite dimensional over its centre. In the case that the centre is uncountable this is known to be true, but the countable case seems to be very difficult. The above theorem is a first (tiny) step in the direction of a general proof, which suggests that it might be possible to prove the conjecture under the assumption of polynomial growth.
Theorem 3 Let R be an affine k-algebra that is a domain with growth bounded by a linear polynomial. Then R satisfies a polynomial identity and hence is a finite module over its centre.
Proof. If R is algebraic over k then R is a division algebra and so is finite dimensional over its centre by the previous result; hence R satisfies a polynomial identity. Otherwise, choose t ∈ R transcendental over k and set S = 
where n = dim(D F ); and so R satisfies a polynomial identity since it is isomorphic to a subring of matrices over a commutative ring. It follows from [8] that R is a finite module over its centre.
